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CANTOR SERIES AND RATIONAL NUMBERS
SYMON SERBENYUK
Abstract. The article is devoted to the investigation of represen-
tation of rational numbers by Cantor series. Criteria of rationality
are formulated for the case of an arbitrary sequence (qk) and some
its corollaries are considered.
1. Introduction
The following series
ε1
q1
+
ε2
q1q2
+ ... +
εk
q1q2...qk
+ ..., (1)
where Q ≡ (qk) is a fixed sequence of positive integers qk > 1 and Θk
is a sequence of the sets Θk ≡ {0, 1, ..., qk − 1} and εk ∈ Θk, were con-
sidered by Georg Cantor in [1]. In the last-mentioned article necessary
and sufficient conditions of expansions of rational numbers by series (1)
are formulated for the case of periodic sequence (qk). The problem of
expansions of rational or irrational numbers by the Cantor series have
been studied by a number of researchers. For example, P. A. Diananda,
A. Oppenheim, P. Erdo¨s , J. Hancˇl, E. G. Straus, P. Rucki, R. Tijdeman,
P. Kuhapatanakul, V. Laohakosol, Mance B., D. Marques, Pingzhi Yuan
studied this problem [2]-[14], [16, 17].
The main problem of the present article is the formulation of necessary
and sufficient conditions of representation of rational numbers by the
Cantor series for an arbitrary sequence (qk). This problem is solved
using notion of shift operator.
2. The main definitions
Definition 1. A number x ∈ [0; 1] represented by series (1) is denoted
by ∆Qε1ε2...εk... and this notation is called the representation of x by Cantor
series (1).
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Definition 2. A map σ defined by the following way
σ(x) = σ
(
∆Qε1ε2...εk...
)
=
∞∑
k=2
εk
q2q3...qk
= q1∆
Q
0ε2...εk...
is called the shift operator.
It is easy to see that
σn(x) = σn
(
∆Qε1ε2...εk...
)
=
∞∑
k=n+1
εk
qn+1qn+2...qk
= q1...qn∆
Q
0...0︸︷︷︸
n
εn+1εn+2...
.
(2)
Therefore,
x =
n∑
i=1
εi
q1q2...qi
+
1
q1q2...qn
σn(x). (3)
In [15] the notion of shift operator of alternating Cantor series is stud-
ied in detail.
3. Rational numbers, that have two different
representations
Certain numbers from [0; 1] have two different representations by Can-
tor series (1), i.e.,
∆Qε1ε2...εm−1εm000... = ∆
Q
ε1ε2...εm−1[εm−1][qm+1−1][qm+2−1]...
≡
m∑
i=1
εi
q1q2...qi
.
Theorem 1. A rational number p
r
∈ (0; 1) has two different representa-
tions iff there exists a number n0 such that q1q2...qn0 ≡ 0 (mod r).
Proof. Necessity. Suppose
p
r
=
ε1
q1
+...+
εn−1
q1q2...qn−1
+
εn
q1q2...qn
=
ε1q2...qn + ε2q3...qn + ...+ εn−1qn + εn
q1q2...qn
.
Whence,
εn =
pq1q2...qn − r(ε1q2...qn + ε2q3...qn + ...+ εn−1qn)
r
.
Since the conditions εn ∈ N and (p, r) = 1 hold, we obtain q1q2...qn ≡
≡ 0 (mod r).
Sufficiency. Assume that (p, r) = 1, p < r and there exists a number
n0 such that q1q2...qn0 ≡ 0 (mod r); then
p
r
=
ε1
q1
+
ε2
q1q2
+ ...+
εn0
q1q2...qn0
+
εn0+1
q1q2...qn0qn0+1
+ ... =
n0∑
i=1
εi
q1q2...qi
+ tn0 ,
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where tn0 is the residual of series, and
p
r
=
ε1q2...qn0 + ε2q3...qn0 + ... + εn0
q1q2...qn0
+ tn0 .
Clearly,
pθ = (ε1q2...qn0+ε2q3...qn0+ ...+εn0)+q1q2...qn0tn0, where θ =
q1q2...qn0
r
.
Since pθ is a positive integer number, we have q1q2...qn0tn0 = 0 or
q1q2...qn0tn0 = 1. That is x = ∆
Q
ε1ε2...εn0−1εn0000...
in the first case and
x = ∆Q
ε1ε2...εn0−1[εn0−1][qn0+1−1][qn0+2−1]...
in the second case. 
4. Representations of rational numbers
Theorem 2. A number x represented by series (1) is rational iff there
exist numbers n ∈ Z0 and m ∈ N such that σ
n(x) = σn+m(x).
Proof. Necessity. Let we have a rational number x = u
v
, where u < v
and (u, v) = 1. Consider the sequence (σn(x)) generated by the shift
operator of expansion (1) of the number x. That is
σ0(x) = x,
σ(x) = q1x− ε1,
σ2(x) = q2σ(x)− ε2 = q1q2x− q2ε1 − ε2,
...................................
σn(x) = qnσ
n−1(x)− εn = x
n∏
i=1
qi −
(
n−1∑
j=1
εjqj+1qj+2...qn
)
− εn
...................................
From expression (3) it follows that
σn(x) =
uq1q2...qn − v(ε1q2...qn + ...+ εn−1qn + εn)
v
=
un
v
. (4)
Since v = const and the condition 0 < un
v
< 1 holds as n→∞, we see
that un ∈ {0, 1, ..., v − 1}. Thus there exists a number m ∈ N such that
un = un+m. In addition, there exists a sequence (nk) of positive integers
such that unk = const for all k ∈ N.
Sufficiency. Suppose there exist n ∈ Z0 and m ∈ N such that σ
n(x) =
σn+m(x). In our case, from expression (2) it follows that
x ≡ ∆Qε1ε2...εn000... +
qn+1...qn+m
qn+1...qn+m − 1
∆Q0...0︸︷︷︸
n
εn+1εn+2...εn+m000...
.
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Thus one can to formulate the following proposition.
Lemma 1. If there exist numbers n ∈ Z0 andm ∈ N such that σ
n(x) = σn+m(x),
then x is rational and the following expression holds:
σn(x) =
q1q2...qnqn+1...qn+m
qn+1...qn+m − 1
∆Q0...0︸︷︷︸
n
εn+1εn+2...εn+m000...
.
Theorem 2 proved. 
Theorem 3. A number x = ∆Qε1ε2...εk... is rational iff there exist numbers
n ∈ Z0 and m ∈ N such that
∆Q0...0︸︷︷︸
n
εn+1εn+2...
= qn+1...qn+m∆
Q
0...0︸︷︷︸
n+m
εn+m+1εn+m+2...
.
Theorem 2 and Theorem 3 are equivalent.
5. Certain corollaries
Consider the condition σn(x) = const for all n ∈ Z0. It is easy to
see that there exist numbers x ∈ (0; 1) such that the last-mentioned
condition is true, e.g.
x =
1
3
+
2
3 · 5
+
3
3 · 5 · 7
+ ...+
n
3 · 5 · ... · (2n+ 1)
+ ... = σn(x) =
1
2
.
Lemma 2. If σn(x) = x for all n ∈ N, then εn
qn−1
= const = x.
Proof. If σn(x) = σn+1(x) = const, then σn(x) = qn+1σ
n(x) − εn+1.
Whence,
σn(x) =
εn+1
qn+1 − 1
= const. (5)
That is
x =
ε1
q1 − 1
=
ε1
q1
+
ε2
q1(q2 − 1)
= ... =
n−1∑
i=1
εi
q1q2...qi
+
εn
q1q2...qn−1(qn − 1)
= ....

Remark 1. If the condition σn(x) = const holds for all n ≥ n0, where
n0 is a fixed positive integer number, then from (3) it follows that the
condition εn
qn−1
= const holds for all n > n0.
Lemma 3. Suppose n0 is a fixed positive integer number; then the con-
dition σn(x) = const holds for all n ≥ n0 iff
εn
qn−1
= const for all n > n0.
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Proof. Necessity follows from the previous lemma.
Sufficiency. Suppose the condition
const = p =
εn
qn − 1
=
εn+1
qn+1 − 1
= ... =
εn+i
qn+i − 1
= ...
holds for all n > n0. Using the equality
εn
qn
= εn
qn−1
− εn
qn(qn−1)
, we get
σn(x) =
∞∑
i=n+1
εi
qn+1...qi
=
(
εn+1
qn+1 − 1
−
εn+1
qn+1(qn+1 − 1)
)
+
+
∞∑
i=1
((
εn+i+1
qn+i+1 − 1
−
εn+i+1
qn+i+1(qn+i+1 − 1)
) n+i∏
j=n+1
1
qi
)
=
= p
(
1−
1
qn+1
)
+ p
∞∑
i=1
((
1−
1
qn+i+1 − 1
) n+i∏
j=n+1
1
qj
)
= p.

It is easy to see that the following statement is true.
Proposition 1. The set {x : σn(x) = x ∀n ∈ N} is a finite set of order
q = minn qn and x =
ε
q−1
, where ε ∈ {0, 1, ..., q − 1}.
Lemma 4. Suppose we have q = minn qn and fixed ε ∈ {0, 1, ..., q − 1};
the condition σn(x) = x = ε
q−1
holds iff the condition qn−1
q−1
ε = εn ∈ Z0
holds for all n ∈ N.
Proof. Necessity follows from Proposition 1 and equality (5).
Sufficiency. Suppose εn =
qn−1
q−1
ε; then
x =
∞∑
n=1
qn−1
q−1
ε
q1q2...qn
=
ε
q − 1
∞∑
n=1
qn − 1
q1q2...qn
=
ε
q − 1
.

Corollary 1. Let n0 be a fixed positive integer number, q0 = minn>n0 qn
and ε0 be a numerator of the fraction
εn0+k
q1q2...qn0qn0+1...qn0+k
in expansion (1)
of x providing that qn0+k = q0; then σ
n(x) = const for all n ≥ n0 iff the
condition qn−1
q0−1
ε0 = εn ∈ Z0 holds for any n > n0.
Consider expression (4). The main attention will give to existence of
the sequence (nk) such that unk = const for all k ∈ N in (4). Let we have
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a rational number x ∈ [0; 1] then there exists the sequence (nk) such that
σnk(x) = const. The last condition can be written by
const =
∞∑
i=n1+1
εi
qn1+1...qi
=
∞∑
i=n2+1
εi
qn2+1...qi
= ... =
∞∑
i=nk+1
εi
qnk+1...qi
= ....
It is easy to see that Cantor series (1) for which the condition σnk(x) =
const holds can be written by a certain Cantor series for which the con-
dition σk(x) = const holds. That is
x =
∞∑
k=1
εk
q1q2...qk
=
n1∑
j=1
εj
q1q2...qj
+
1
q1q2...qn1
x
′
,
x
′
=
∞∑
k=1
εnk+1qnk+2qnk+3...qnk+1 + εnk+2qnk+3...qnk+1 + εnk+1−1qnk+1 + εnk+1
(qn1+1...qn2)(qn2+1...qn3)...(qnk+1...qnk+1)
=
=
∞∑
k=1
λk
(µ1 + 1)...(µk + 1)
. (6)
In the case of series (6) the condition σk(x
′
) = const holds for all
k = 0, 1, ....
Clearly, the following statement is true.
Theorem 4. The number x represented by expansion (1) is rational iff
there exists a subsequence (nk) of positive integers sequence such that for
all k = 1, 2, ..., the following conditions are true:
•
λk
µk
=
εnk+1qnk+2...qnk+1 + εnk+2qnk+3...qnk+1 + ...+ εnk+1−1qnk+1 + εnk+1
qnk+1qnk+2...qnk+1−1
= const;
• λk =
µk
µ
λ, where µ = mink∈N µk and λ is a number in the numera-
tor of fraction, which denominator equals (µ1+1)(µ2+ 1)...(µ+ 1),
from sum (6).
Let x be a rational number then
x =
∞∑
k=1
εk
q1q2...qk
=
=
n∑
i=1
εi
q1q2...qi
+
(
εn+1
q1q2...qn+1
+ ... +
εn+m
q1q2...qnqn+1...qn+m
)
+
∞∑
j=1
εn+m+j
q1q2...qn+m+j
=
=
n∑
i=1
εi
q1q2...qi
+
εn+1qn+2...qn+m + ...+ εn+m−1qn+m + εn+m
q1q2...qn(qn+1...qn+m)
+
∞∑
j=1
εn+m+j
q1q2...qn+m+j
.
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From Theorem 2 it follows that
σn(x) = σn+m(x) =
εn+1qn+2...qn+m + ... + εn+m−1qn+m + εn+m
qn+1...qn+m − 1
.
Hence the following statement is true.
Theorem 5. If the number x represented by Cantor series (1) is rational
(x = u
v
), then there exist n ∈ Z0 and m ∈ N such that
q1q2...qn(qn+1qn+2...qn+m − 1) ≡ 0 (mod v).
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